We discuss Strassler's hypothesis of matching nonperturbative effects in orbifold pairs of gauge theories which are perturbatively planar equivalent. One of the examples considered is the parent N = 1 SU(N) supersymmetric Yang-Mills theory and its nonsupersymmetric orbifold daughter. We apply two strategies allowing us to study nonperturbative effects: (i) low-energy theorems; (ii) putting the theory on small-size T 4 or R 3 × S 1 . Then both the parent and daughter theories are weakly coupled and amenable to quasiclassical treatment. In all cases our consideration yields a mismatch between the parent and daughter theories. Thus, regretfully, we present evidence against Strassler's hypothesis. We discuss in passing a brane picture related to our consideration.
Introduction
In spite of impressive progress in description of nonperturbative results in the supersymmetric (SUSY) gauge theories during the last decade the progress in non-SUSY gauge theories is quite modest. That is why any tool invented to connect SUSY and non-SUSY theories in a controllable way gives rise to new hopes. Among recent promising advances is the orbifolding procedure introduced in the string theory context [1, 2] (with the purpose of reducing the amount of SUSY). It was shown that both parent and daughter theories enjoy the same planar limit.
Later on, a similar procedure was worked out in field theory: it was proved that the parent and daughter theories have the same perturbative behavior at large N (i.e. for all planar graphs) provided a proper rescaling of the coupling constant is made [3, 4, 5] (see also [6] for an earlier approach).
At the nonperturbative level so far next to nothing is known. It was shown in [7] , starting from the brane picture of the orbifold theory, that the correspondence survives at the nonperturbative level in a limited sense -for the low-energy effective actions -if both parent (N = 2) and daughter (N = 1) theories are supersymmetric. In this case the Riemann surfaces governing the low-energy behaviors coincide after the above-mentioned rescaling of the coupling constant. Further attempts to consider the orbifoldization at the nonperturbative level in the theory with fundamental matter have been made in [8] .
In a recent paper [9] Strassler put forward a bold and beautiful conjecture that the correspondence between the planar perturbative limits between the parent/daughter theories is an exact property and is valid including all nonperturbative effects at large N under an appropriate rescaling of coupling constants. More exactly, Strassler's nonperturbative orbifold (NPO) conjecture reads: "correlation functions calculated in those vacua which appear in both (parent/daughter) theories, for the operators which appear in both theories, are identical." This implies, in particular, the coincidence of the corresponding spectral functions. If information on the spectral function in the parent theory is available, the NPO conjecture allows one to predict that in the daughter theory.
The NPO conjecture leads to remarkable consequences [9] if the parent theory is (N = 1) supersymmetric gluodynamics (then the daughter one is not supersymmetric). For instance, were the NPO conjecture true it would give rise to infinite degeneracies between the bosonic states of the daughter theory which the latter would inherit from the parent one. In short, the NPO conjecture could become a powerful tool in the studies of non-Abelian gauge theories, a major finding in this range of questions.
In this paper we suggest simple tests of Strassler's conjecture. To our deep regret we observe that these tests do not support the NPO conjecture -in all cases where we could quantitatively compare nonperturbative effects there is a mismatch between the parent and daughter theories.
What do we know for certain of nonperturbative aspects in non-Abelian gauge theories? First, at strong coupling, there exist exact low-energy theorems. One can confront the NPO conjecture with these theorems. Secondly, one can make non-Abelian gauge theories weakly coupled by considering special geometries of the world sheet. At weak coupling nonperturbative effects can be reliably analyzed using quasiclassical methods. Since the correspondence between the parent and the orbifold theory is the property of the planar graphs [3, 4, 5] , it does not depend on geometry of the world sheet. Instead of R 4 one can consider T 4 or R 3 × S 1 . If the size of the compact dimension(s) is small compared to Λ −1 (Λ is the scale parameter of the gauge theory), of the gauge theory,
the gauge theory never becomes strongly coupled. (Here g P and g D are the gauge couplings in the parent and daughter theories, respectively, k is the orbifoldization degree, M uv is the ultraviolet cut-off.) At weak coupling the theory is under reliable theoretical control and one can compare corresponding nonperturbative effects in the parent and orbifold theories.
In this paper we focus on these two sets of tests. At strong coupling we analyze low-energy theorems for topological susceptibilities and patterns of chiral symmetry breaking. We observe non-matching of certain factors related to k, the degree of orbifoldization (Secs. 3.2 and 4). Then we consider parent/daughter theories on T 4 and R 3 × S 1 , at weak coupling. In the first case one deals with torons (Sec. 3.3), in the second with "monopole instantons" (Sec. 3.4). In both cases there is a clear-cut mismatch between the numbers of the fermion zero modes, and, hence, the corresponding condensates.
Thus, the overall conclusion of our investigation is, unfortunately, negativethe evidence presented suggests that the perturbative planar equivalence does not extend at nonperturbative level.
General remarks
Instantons, historically the first example of nonperturbative field configuration [10] in Yang-Mills, are irrelevant for our purposes since the instanton action scales as 8π 2 /g 2 ∼ N at large N. Hence, instanton contributions die off as exp(−N). We have to consider nonperturbative fields configurations with action scaling as 8π 2 /(Ng 2 ). Such configurations are known in non-Abelian gauge theories on T 4 and R 3 × S 1 . For Z k orbifoldization (see Sec. 3) the gauge invariant chiral operator of the lowest dimension one can build of the chiral fermion fields in the daughter theory has the structure
where the color and Lorentz indices are suppressed. The color indices must be convoluted cyclically, while the Lorentz ones can be convoluted in an arbitrary way. One more class of gauge invariant operators is represented by baryons
The cases of even and odd k should be treated separately. If k is even, then the operator O k in Eq. (2) is bosonic. At k = 2 it is the orbifold projection of the gluino operator λλ of the parent theory. At k = 4, 6, ... the operator O k can be obtained as the orbifold projection of (λλ) k/2 . The vacuum expectation value of (λλ) k/2 in the parent theory is saturated by the gauge field configuration with the topological charge k/2 times the minimal one. We will be interested mostly in the case k = 2. In this case the operators (2) and λλ can be used as mass terms. Limiting oneself to k = 2 is sufficient to show that the NPO conjecture does not work. If k is odd, then the operator O k in Eq. (2) is fermionic. It is the orbifold projection of the parent theory operator of the type λ k . Needless to say that neither O k nor λ k can have vacuum expectation values. In this case one may confront the correlation function
has the topological charge k times the minimal one.
Supersymmetric gluodynamics and its daughter theory
Let the parent theory be N = 1 SUSY Yang-Mills theory with SU(k N) gauge group, k is an integer,
where λ α is the Weyl spinor in the adjoint. This theory has the classical global U(1) R symmetry which is broken quantum-mechanically by anomaly down to Z 2kN . The theory has kN chirally asymmetric vacua labeled by the value of the gluino condensate λλ . The orbifold projection eliminates the gluon fields with the color indices outside N × N blocks on the diagonal; it also eliminates the gluino fields with the indices outside N × N blocks above the diagonal (see Fig. 1 ). Hence, the daughter theory is the gauge theory with (SU(N)) k gauge group and k bifundamentals. The Lagrangian of the daughter theory is
where the covariant derivative is defined as
, while T (ℓ) are the generators of the gauge symmetry with respect to the group SU(N) number ℓ.
The fermion fields are denoted by χ ℓ,ℓ+1 . The first subscript belongs to fundamental, the second to antifundamental. The coupling constants are subject to the relation
The daughter theory is non-supersymmetric. It is expected [9] to have N discrete vacua.
N N kN kN (3) A (4) In particular, if k = 2, the daughter theory has the gauge symmetry SU(N)× SU(N), with the matter sector consisting of two Weyl spinors -one of them is {N,N} while the other {N, N}; these two Weyl spinors can be combined into one bifundamental Dirac spinor. According to the NPO conjecture, a possible correspondence between the theories (4) and (5) extends to those operators which exist in the parent theory and have non-trivial projections in the daughter one, i.e. (gauge invariant) operators invariant under the action of Z k . At k = 2, as an example, one can consider the operator λλ and its projection χ 1,2 χ 2,1 , and correlation functions of the type
For arbitrary values of k bilinear in χ operators are not gauge invariant; therefore, the correspondence pairs are
where the color indices in λ k are convoluted cyclically. For even k these operators are bosonic while for odd k fermionic.
In what follows we will derive low-energy theorems for theories formulated on R4 (in strong coupling) and, alternatively, analyze the parent and daughter theories on either T 4 or R 3 × S 1 , with a small size of the compact dimension (in weak coupling). For both purposes we need to know chiral anomalies.
Divergence of the axial current
The chiral currents in the parent and daughter theories are
where the sub(super)scripts P and D refer to the parent and daughter theories, respectively. The chiral anomalies have the form
where the color index a in Eq. (11) covers SU(kN) while a ℓ in Eq. (12) the ℓ-th SU(N) factor. Let us recall that, with our normalization, the topological charge
At k > 2 the daughter theory admits no mass term for the fermion field. However, at k = 2 a mass term is possible. It has a counterpart in the parent theory -a gluino mass term -which breaks supersymmetry. We introduce these mass terms, with a small mass parameter m, with the intention to derive a low-energy theorem to leading order in m. More specifically, in the parent theory
while in the daughter one 2 χ 2,1 +χ 1,2χ2,1 ) .
The operator (15) is the orbifold projection of (14) . In both cases the mass terms are normalized in such a way that the free fermion propagator has the standard form ( p − m) −1 . If the mass terms are included, the divergence of the currents (9) and (10), besides the anomalous part presented in Eqs. (11) and (12), has a nonanomalous (classical) part,
Low-energy theorem for topological susceptibilities
The topological susceptibility reflects dependence of the vacuum energy on the vacuum angle θ. For massless fermions such dependence is absent and the topological susceptibility vanishes. However, if m = 0, the topological susceptibility does not vanish and can be readily derived to leading order in m. In the parent theory one defines it as follows
In the daughter theory there are two vacuum angles. We are interested in the vacuum response to a Z 2 invariant combination (remember, for the time being we consider Z 2 orbifoldization), namely
The overall factor 1/2 in Eq. (19) is introduced to provide proper normalization: with this factor included the planar perturbative expansion of the correlation functions d 4 x exp (iqx) FF (x), FF (0) at large momentum transfer will be the same in the parent and daughter theories.
Using Eqs. (16) and (17) and the fact that both theories have no massless particles in the m → 0 limit, it is easy to obtain
where terms O(m 2 ) are omitted. In accordance with the NPO hypothesis, the condensates on the right-hand side must be calculated in the vacuum state which is present in both theories. One can normalize them as follows: to leading order in m the vacuum energy densities E are
where the condensates λλ and χ 1,2 χ 2,1 are O(m 0 ). Demanding the equality of the energy densities (i.e. E P = E D ) we see that the topological susceptibilities differ by a factor of 2:
This difference reflects the fact that the numbers of vacuum states in the parent and daughter theories are different, and although we deal with the expectation values in the given vacuum, they still do "remember" of this difference.
Weak coupling: theory on T 4
Instead of R 4 let us take T 4 as the world volume. Topologically nontrivial gauge fields produce nonperturbative effects. As well-known, the minimal topological charge Q = 1/(kN) is achieved on torons [11] provided 't Hooft's twisted boundary conditions are imposed. The very possibility of imposing these boundary conditions rests on the fact the gauge group is SU(kN)/Z kN rather than SU(kN) -the elements of the group center do not act on the adjoint fields. Equation (11) shows that two fermion zero modes exist in the toron background. These are so-called supersymmetric zero modes, λ (0)α ∝ F αβ , which are spatially constant. These modes saturate the gluino condensate λλ . In fact, calculation of the gluino condensate on T 4 along these lines was performed long ago [12] . If one introduces fields in the fundamental representation, the twisted boundary conditions become impossible since the elements of the center act nontrivially. However, the daughter theory with which we deal contains bifundamentals, not fundamentals. This fact allows one to resurrect twisted boundary conditions [13] . For simplicity we will discuss Z 2 orbifoldization, k = 2. The case k > 2 can be treated in a similar manner. For k = 2 the daughter theory has two SU(N) groups, call them SU(N) one and SU(N) two . The following boundary conditions are imposed [13] on the matter fields:
1 For the daughter theory this statement requires a reservation. In fact, E D in Eq. (22) is a linear in m part of the vacuum energy density. Unlike the parent supersymmetric theory, we cannot rule out a (nonperturbative) gluon condensate in the daughter theory. It may well exist, implying that the vacuum energy density has an O(m 0 ) part at the nonperturbative level. In view of our negative conclusion on the NPO hypothesis it is only natural to assume that E D has a nonvanishing O(m 0 ) part.
and so on, with one and the same twist in both SU(N) groups,
where Z µν is an element of the SU(N) group center. This fact -that the twist is one and the same -follows from the single-valuedness of the fermion field.
The above boundary condition excludes field configurations with a toron in one of two SU(N)'s and topologically trivial gauge field in another. In other words, the minimal nonvanishing topological charge is associated with two torons, one in each SU(N). This automatically guarantees Z 2 symmetry. Equation (12) then implies that there are four fermion zero modes in this background. The bilinear condensate χ 1,2 χ 2,1 is not generated. Although the operator χ 1,2 χ 2,1 is the orbifold partner to λλ, there is no partner to the gluino condensate.
Theory on R
In this subsection we discuss the theory on R 3 × S 1 world sheet (to be referred to as the theory on cylinder). In this case the gluino condensate was calculated [14] by saturating λλ by the "monopole instanton" configuration. Let us recall a few basic facts regarding the theory on R 3 × S 1 . For definiteness we will take the fourth direction to be S 1 . Unlike the theory on R 4 , where the appropriate topological classification is based on π 3 (SU(kN)), the situation is more complex for the theory on cylinder. The vacuum state is continuously degenerate (at the classical level) and is parametrized by the Polyakov line
which, upon diagonalization, can be represented as
where T p are the generators of the Cartan subalgebra. The classically flat directions are parametrized by kN − 1 moduli a p which are angular variables. The classical degeneracy of the vacuum manifold is lifted by nonperturbative effects [14] leading to kN discrete vacua. The crucial point is that the moduli dynamics is Z kN invariant. This is again a consequence of the existence of the group center acting trivially on the adjoint fields. The Z kN invariance is clearly seen [14] in the superpotential generated on the moduli space through one "monopole instanton" saturation (more specifically, for SU(2), the prime target of Ref. [14] ), it is Z 2 ). For the occurrence of this Z kN it is crucial that, along with the standard monopoles, the so-called KK monopoles are included in the calculation (for details see [14] ). The latter are obtained from the standard monopoles by performing an improper gauge transformation -with a gauge matrix Ω(t) which is not periodic, Ω(t = L) = Ω(t = 0) Z where Z is an element of the center. In the parent theory where all fields are in the adjoint, the inclusion of the KK monopole-instanton is automatic.
The "monopole instanton" action in the parent theory (in the supersymmetric vacuum) is
(see [14] ). The "monopole instanton" has two gluino zero modes, which can be seen in many different ways. One can use, for instance, the fact that the "monopole instanton" has four bosonic zero modes. Supersymmetry then implies that the number of the fermion zero modes is two.
Since kg
the NPO matching requires that the action of the nonperturbative configuration relevant in the daughter theory is
This is the action of a single "monopole instanton" residing in one of the SU(N) factors of the daughter gauge group.
With respect to such field configuration, with the background field in just one SU(N), the daughter bifundamental fermion is nothing but an ensemble of N flavors of fundamental fermions. For fundamental fermions the zero modes follow from the Callias index theorem [15, 16] . Say, at k = 2 the four-dimensional Dirac operator D 4 can be considered. We look for x 4 -independent zero modes. One can calculate the corresponding index and obtain that there is one zero mode for each field χ ℓ,ℓ+1 with one of the color indices lying in the given SU(N) -altogether 2N modes.
Alternatively, instead of considering the Callias index, one can directly analyze the fermion zero modes in the "monopole instanton" background. As well-known for the 't Hooft-Polyakov monopole, with fundamental fermions coupled to the adjoint scalar fieldψφψ, one fermion zero mode per each flavor ψ exists. The only distinction between the "monopole instanton" of Ref. [14] and the 't Hooft-Polyakov monopole is a slightly different chiral structure of the vertex coupling fermions to φ (or A 4 ). It is not difficult to see that this distinction has no impact on the existence of the fermion zero mode.
Summarizing, we conclude that while in the parent theory the "monopole instanton" has two fermion zero modes, its counterpart in the daughter theory has a large number of fermion zero modes, scaling with N. The corresponding condensates cannot match.
Orbifoldization of multiflavor theories and patterns of chiral symmetry breaking
In this section we will consider parent-daughter pairs for multiple flavors. Both theories, the original one and the one obtained after orbifoldization, are non-supersymmetric. For simplicity we will focus on Z 2 orbifoldization and two flavors; Z k orbifoldization and ν "flavors" (with k > 2 and ν > 2) can be analyzed in a similar manner. Let the parent theory have SU(2N) gauge group, and two Weyl flavors in the adjoint,
where we find it convenient to change the overall normalization of fields compared to Eq. (4). The flavor index is indicated in parentheses. The mass term could be chosen in many equivalent forms, our choice is motivated by historical reasons (see [17] ). We need the mass term for an auxiliary reason, to normalize the chiral condensates. Our final answer will refer to the limit m → 0. The orbifold theory is similar to Eq. 
(remember, χ 2,3 ≡ χ 2,1 ). In the limit m → 0 these two theories have flavor symmetries which are partially spontaneously broken resulting in the emergence of the Goldstone mesons. The pattern of the chiral symmetry breaking has been studied previously [17, 18] . In the parent theory the flavor (non-anomalous) symmetry is SU (2) . It is spontaneously broken down to U(1). Correspondingly, there are two Goldstones. The daughter theory is in fact (almost) QCD with two (Dirac) flavors. The non-anomalous flavor symmetry is SU(2)× SU(2)×U(1), which is spontaneously broken down to a diagonal SU(2) (the baryon number is also unbroken). Three familiar Goldstone bosons emerge. Thus, the dimensions of the vacuum manifolds in the parent and daughter theories (at m = 0) are different.
A nonvanishing mass term discretizes the set of vacua, so that one can compare partner correlation functions in the parent/daughter theories in the vacuum with one and the same symmetry (i.e. Z 2 symmetric). We will consider Goldstones, derive analogs of the Gell-Mann-Oakes-Renner relations and show that, contrary to the NPO hypothesis, there is a mismatch in the chiral condensates in these two theories.
At first let us select a pair of corresponding and properly normalized currents in the parent/daughter theories producing Goldstone bosons. A convenient choice is J P αβ = −λ α, (1)λβ , (2) .
can develop. If we count zero modes on the single D0 brane the mismatch is also evident since the number of zero modes in the daughter theory is larger due to additional branes representing bifundamentals.
